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Chapter 7 — Bond Pricing with Default



So far we have discussed loans, such as a car loan or a 
mortgage, in which an amount is borrowed and then repaid 
in equal payments.  

Such repayment structures are very common in personal 
finance applications.  

We turn attention to a different way to borrow money 
common in government and corporate debt markets.

Introduction



Corporate and Government Bonds

At time 0 the lender gives the borrower a "principal" amount of $X  

At time periods 1 through N - 1 the borrower repays equal 
“coupons" $C.  

At the final repayment period N the lender repays not just a 
coupon of $C but also the initial principal $X



Government Bonds

If the borrower is sure to repay the loan, and the interest rate is  
r% per period, then the coupon $C has to be $rX

When  governments of first-world countries (such as Canada, 
US, Germany, UK,…)  borrow money, we assume that they are 
certain to repay their debts fully 

That is because they tend to borrow in their own currency, the 
printing of which they control

Risk-free interest rate, is the rate of interest a lender would be 
willing to accept from a government borrower



It should be noted that the risk-free interest rate may differ 
depending on the time taken to repay the loan 

This is called the term structure of interest rates  

The term structure of interest rates fluctuates from day to day  

Assume that the risk-free interest rate is a known, fixed, constant

Government Bonds



When companies and individuals borrow money there is always 
the chance they will be unable to repay it  

Such an inability to repay is called a default

If the borrower is an individual or a company, the rate of return 
on the bond should  be higher than the risk-free rate in order to 
compensate for the possibility of default of the individual or the 
company

Corporate Bonds 



Setting up the problem

At time k = 0 the borrower receives $X, the principal 

At times k = 1,…,N-1 the borrower repays $C, the coupon 

At time k = N the borrower repays $C + $X 

The risk-free rate of interest is r% per period 

The probability of default in each time period is p 

What should $C be?



Assumptions
The event of default in each period is independent from the 
other periods  

Borrowers only default the instant before their next payment 

is due  

In the event of default, lenders receive a fraction of what is 
owed them $R(C+X), where R is a known constant 

The constant R is known as the recovery rate



Determining recovery rates
What do creditors get when a company goes bankrupt?  

In Canada this is governed by the Company Creditor Arrangement Act 

In the United States by the so-called Chapter 11 bankruptcy law

In a bankruptcy situation equity and preferred shareholders get nothing 

Bond holders recover some money, but only after a long court process 

Fighting court battles is not the business of many bond-holding entities 
such as pension funds

Defaulted bonds are sold to Vulture funds 

Which usually pay recovery rates of about 40% 

The Vulture funds fight the court battles



74 • Quantitative Finance 

Or, the coupon for a risky bond issued at par to a risk-neutral investor, 

r+ p- pR 
c = 1- p(l-R)" 

(7.5) 

This is the same result obtained, albeit from a simpler 1 period model, 
in Chapter 6, and indeed Equations 7.5 and 6.1 are identical. 

7.4 EXPLORING THE INSIGHTS ARISING FROM EQUATION 7.5 
The first thing we do with this is to examine special cases. 

p = Ocase 

Here, c = r, which makes perfect sense-if defaults are impossible there 
is no reason to pay above the risk-free rate 

R =lease 

In this case c = r as well. This also makes sense-a "default" in which 
the company makes good on all its' debts is not really a default but a pre-
payment. Now for real life bonds the ability of a debtor to prepay her debts 
does require an increased coupon rate, because in the real world interest 
rates fluctuate and this prepayment feature gives its holder the ability to 
refinance debt when interest rates fall. 

The risk metric for this problem is p(l - R). 
The "credit rating" for a company is really an estimate of p(l - R) where 

p(l - R) = expected one-period loss. 
Often we write this in terms of yield spread c - r: 

c _ r = r + p(l - R) _ r = p(l - R)(l + r) > p(l- R) 
1 - p(l - R) 1 - p(l - R) 

Note that the coupon pickup exceeds the expect period loss, but if p(l - R) 
is very small this expression can be expanded in a Taylor series which shows 
that, to first order, the coupon pickup is the expected period loss. 
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c-r = p(l-R)(l+r)[l+ p(l-R)] 
c - r = p(l - R)(l + r)[l + p(l - R)] = (1 + r)p(l - R) + (1 + r)[p(l - R)]2 

""(1 + r)p(l -R) 

The case p(l - R) = 1: 
Here c 00, since the numerator is positive and the denomina-

tor approaches zero. This makes sense, as a default is both certain and 
catastrophic. 

7.5 DETERMINING RECOVERY RATES 
There are rules which differ from country to country determining what 
creditors get what money when a company goes bankrupt. In Canada this 
is governed by the Company Creditor Arrangement Act ( CCAA), in the 
United States by the so-called Chapter 11 bankruptcy law (note this refers 
Chapter 11 of the legislation, not of this book). 

In a bankruptcy situation equity and preferred shareholders (who are 
junior to debt holders) usually get nothing. Table 7.1 provides informa-
tion about the seniority of various corporate securities. The bond holders 
do sometimes recover some of their money, but usually only after a long 
drawn out court process. Fighting these court battles is not the business of 
many bond-holding entities such as pension funds. 

Luckily, there is a mechanism in !he market for defaulted bonds to be 
cashed right away. They can be sold to the so-called Vulture funds which 
buy defaulted debt from bond holders. The average amount paid by the 
vultures for a given category of debt is one way to obtain a recovery rate. 
The expertise of Vulture funds is in guessing the legal outcome of bank-
ruptcy court proceedings, and in fighting in these courts. Naturally they 
expect that the time-discounted expected value of the funds they recover 
will exceed the amount they pay for the debt!! 

A typical rule of thumb value for recovery rates is 40%. 

TAB LE 7.1 Table of Seniorities 

Seniority 
Lowest 

Highest · 

Security Type Payments 
Equity (common stocks) Dividends at management 

discretion 
Preferred shares Dividends at pre-arranged 

rate 
Junior debt High coupons 
Senior debt Lower coupons 

Table of Seniorities



Determining the probability of default
Default probabilities are estimated empirically 

Of all the companies that have ever existed, look into those that 
are like the one I am analyzing, and of this group, how many 
defaulted 

Done by rating agencies: Moody's, Duff & Phelps, Fitch, and 
Standard & Poor in the US and the Dominion Bond Rating 
Service and the Canadian Bond Rating Service in Canada 

Difficulty: to decide when two companies are similar 

Done by analysis of financial statements, knowledge of industry 
and experience 

The rule of thumb 40% recovery rate of investment grade debt 
has default probabilities between 0.1% and 1% per year



THE END


