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Now if we consider an arbitrary ave the fOHDWing ide Kl W

ntity.

work in system when customer @ves - o, Mac:::
— k x time customer spends 1n queue + R ;:oir | ’I
ini ice ti i $10 pe
where R is the sum i the: rﬁfﬁtr:ggszz‘izze tmes of all other CUStOTDErSi : machil
ment when our arriva ’ S s Uy, The 1
thejr;;) foregoing follows because Whl.l &l arval is Walling in Ueye A > vice at
ocessed at a rate k per unit time (s11?ce all Servers are busy), Thus.mrkis}% per he
Iv:frork & x time in queue is prcfcessec-l while he waits in queue, Noy, all o}i Moy, hour,
resent when he arrived and in addition the remaining _Work on thoge still 'S.“*%g averag
\I’Jvhen he enters service was also present when he arrved—so we obtziy lngs,mk for in1
For an illustration, suppose that there are three servers all of whop gy, bus,Eq' g ®
customer arrives. Suppose, in addition, that there are no other Customers j, Mg (b) |
and also that the remaining service tjr.nes of the three people in Service e Yy 4. Eittgi
Hence, the work seen by the arrival s 3+6+7 = IQ. Now the arriy Wiil Ml 5. Supp
time units in queue, and at the moment he enters service, the remaining ﬁm;l?; s SR
! other two customers are 6 —3 =3 and 7 -3 =4. Hence,R=3+4=7andasac; o
of Eq. (8.62) we see that 16 =3 X 3+7. . | <y
Taking expectations of Eq. (8.62) and using the fact that Poisson armivls sy (@)
averages, we obtain (b)

6. Supr

V =kWo + E[R] x>

(a)

which, along with Eq. (8.61), would enable us to solve for Wy if we could compe

E[R]. However there is no known method for computing E[R] and in fact, therein

known exact formula for Wg. The following approximation for W was obtirs (b)
Reference 6 by using the foregoing approach and then approximating E[R]:

- M E[S?)(E[S))*! 4
| 1\ — 2 s
2(k — DIk — AE[S]) |:n§0 il (k — DIk - AE[S) 7. Ttf
: e tim
The preceding approximation has been shown to be quite cl'ose to W when
‘( distribution is gamma. It is also exact when G is exponential.
E . wh
Xercises e thi
« Sh
L. For the M/M/1 queue, compute : Se
s . od an
(8) the expected number of arrivals during a service ls): lrwl,:ice per A
(b) the probability that no customers arrive during & re

Hint: “Condition”
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E:y: hines in a factory break down at an CXponential r, P o
o acsingle repairman who fixes machines at g cxpc‘:::::::-,“’;x'mr hfﬂuf- There
i il‘ The cost incurred in lost production when machineg }:rcmle O: cight per
our: . S are out of gepyiop ;
ur per machine. What is the ayergpe . - Service ig
(8.52) $101?$el:g ’ BE Cost rate incyrreq due 1o fajleq
mAc fa market can hire either M '
ery; The manager of a1 . | Y or Alice. Mary, who giveg cor.
T 3. Jice at an exponential rate of 20 customers per hour, ap, be hired at a%;:;;?};rs
, r. Alice, who gives service at an exponengiy] rate of ‘
IS bey er hour. . o € of 30 customers per
og e Eou r, can be hired at a rate of $C per hour, The manager estimates that, on ghe
*Orkm of average, each customer’s time is worth.$1 per hour and should pe accounted
. Wag for in the model. Assume customers arrive at a Pojgson rate of 10 per hoyr
y grved (a) What is the average cost per hour if‘Mary is hired? If Alice is hired?
e 62), (b) Find C if the average cost per hour is the same for Mary and Alice,
e N the 4 Tnthe M /M /1 system, derive Py by equating the rate at which customers arrive
i Ysten " with the rate at which they depart.
s: and 7. 5, Suppose customers arrive to a two server system according to a Poisson process
Pend 3 g with rate A, and suppose that each arrival is, independently, sent either to server
S Of the 1 with probability & or to server 2 with probability 1 — g, Suppose the service
* check time at server i is exponential with rate u;, i =1, 2.
. (a) Find W(), the average amount of time a customer spends in the system.
°€ time () IfA=1and u; =i,i=1,2, find the value of & that minimizes W(a).
6. Suppose that a customer of the M/M/1 system spends the amount of time
> (0 waiting in queue before entering service.
JEa) Show that, conditional on the preceding, the number of other customers
t that were in the system when the customer arrived is distributed as 1 + P,
?nllpu e where P is a Poisson random variable with mean A. i
; IZI}O (b) Let W* denote the amount of time that an M/M/1 customer spends
ned in queue.QAS a by-product of your analysis in part (a), show that
B ifx=0
o :
(8.63) P{Wj <x}= {1 _Apiq — e~ W=Mxy ifx >0
: nt of
: y model, W, is the amou
7. It follows from Exercise 6 that if, in Fhe M/ :It/h 1en Q
rVice time that a customer spends waiting in queue,
0 with probability 1 —A/u
wWh={" . ility A
Q IEXP(V‘ — 1), with probab111ty iz .
: ith rate pb — A
) . m vanable wi
Where Exp(u — 1) is an exponential rando ¢ rate A and
this, find Var(W* ) ing arrivals at T
X i o’ : odel having : vals at rate
B Show that W is smaller in an M/MﬂelrnM /M /2 model with arrtwc;llll for this
Service at rate 2y than it is in a two—servu e ai intuitive explanatl
A and with each server at rate 4. Ca‘}) yo
Tesult? Would it also be true for Wo? ‘
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ith impatient customers mode] 5 Preg
ider the M/M/1 queue W E o Seny
9. cogi:zlrple 8.9. Give your answers in terms of the limiting Probabijije,
in o

Py, ”\%I?E;t is the average amount of time that a customer spends i Queue
((:3 If e, denotes the probability that aﬁczstomer}w['}ho finds » Others in the
e ' i d, find €5, n > 0.
upon arrival will be sc1'"ve ,
) IS")i/rleiertnhe ]z:onditional probability that a served custon_ler found ,, g
(¢ system upon arrival. That is, find P(arrival finds n| arrival ig served), 3

(d) Find the average amount of time spent in queue by a Customer g, i

(e) Find the average amount of time spent in queue by a customer thig i
before entering service. . ‘ .

10. A facility produces items according to a Poisson process with rate }_ Howeye,

it has shelf space for only k items and so it shuts. c.iown prod.uction Wheneye,
k items are present. Customers arrive at the_ facility a({CO‘rdlng 10 a Pojggy,
process with rate w. Each customer wants one '1tem z:.md will 1_mmed1ately depart
either with the item or empty handed if there is no item available.

(a) Find the proportion of customers that go away empty handed.

(b) Find the average time that an item is on the shelf.

(¢) Find the average number of items on the shelf.

11. A group of n customers moves around among two servers. Upon completigy
of service, the served customer then joins the queue (or enters service if the
server is free) at the other server. All service times are exponential with rate .
Find the proportion of time that there are J customers at server 1, J=0,...n

12. A group of m customers frequents a single-server station in the following man-
ner. When a customer arrives, he or she either enters service if the server is free
or joins the queue otherwise. Upon completing service the customer departs the
system, but then returns after an exponential time with rate 6. All service times
are exponentially distributed with rate .

(a) Find the average rate at which customers enter the station.
(b) Find the average time that a customer spends in the station per visit.

*13.  Families arrive at a taxi stand according to a Poisson process with rate A.An
arriving family finding N other families waiting for a taxi does not wait. Taxis
arrive at the taxi stand according to a Poisson process with rate . A taxi find-
ing M other taxis waiting does not wait. Derive expressions for the following
quantities.

(@) The proportion of time there are no families waiting.
(b) The proportion of time there are no taxis waiting.
(¢) 'The average amount of time that a family waits.
(d) The average amount of time that a taxi waits.
(e) The fraction of families that take taxis, ,
Now red.o the problem if we agsume that N = M = oo and that each family will
only wait for an eXponential time with rate o before seeking other transporté-
] tion, and each taxi will only wait for an exponential time with rate B befor®
" departing without 3 fare,

served,
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15.

16.

17,

18,
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Customers arrive t; a single server system i -

‘th rate A. Arrival . corda
cess YT 1 custom o enter if the server | e
either @ ty;r)l?h " ’tzl?uh probability p or atypezs free. Ragh Customey ;

"1 _ p. The time 1t takes to . cus ; I is

i 1- .’}:1, 2. Find the average Zerve y type_‘ Customer jg éomer With probapj).

= 8¢ amount of time an enterin “Ponential with pae
&€ Customer

Spends in

With a Pojsgon pro-

i
the system.
Customers aITive 0  two server system in accor

with rate ). Server 1 is the preferred server anc(liance Wi'th a Poisson Proce

free enters service with 1; an arrival finding ’1 oy an arrival finding SeTVersi

with 2. Arrivals finding both servers busy do not er?g P 2 free,enters Service

server 2 at a moment when server 1 becomes free is::.nA ;ustomer who is with

and moves over to server 1. After completin ga Se’«rvicee& lflteh;. leaves server 2

customer departs. The service times at server i are ex with e'lther-server) the

1,2 ponential with rate Wi,

(a) Define states and give the transition diagram.

(b) and the long run proportion of time the system is in each state

(c) Find the proportion of all arrivals that enter the system. '

(d) 11?;23 ttllllz av:;aitr: t::r;le t;lat an entering customer spends in the system.

(e) orver 2, proportion ol entering customers that complete service with

Consid.er a 2 server system where customers arrive according to a Poisson pro-

cess with rate A, and where each arrival is sent to the server currently having

the shortest queue. (If they have the same length queue then the choice is made

at random.) The service time at either server is exponential with rate u, where

A < 2u. For n > 0, say that the state is (n,n) if both servers currently have n

customers, and say that the state is (, m), n < m, if one of the servers has n

customers and the other has m.

(a) Write down the balance equation equating the rate at which the process
enters and leaves a state for state (0, 0).

(b) Write down the balance equations equating the rate at which the process
enters and leaves states of the form (0, m), m > 0.

(¢) Write down the balance equations for the states (n,n),n>0.

(d) Write down the balance equations for the states (n,m),0<n<m.

(¢) In terms of the solution of the balance equations, find the average time a
customer spends in the system.

Two customers move about among thre

at server i, the customer leaves that ser

the other two servers is free. (Therefore,

If the service times at server i are exponent

Proportion of time is server i idle? 4 no queu

Consider a queueing system having tWO sgrvers an d'no c:o a Poisson process

tch?s of customers. Type 1 customers arrive .accor m\%er < free. The service

having rate A1, and will enter the system if either 567 customers arrive

lme of a type 1 customer is exponen quires 12
cording to a Poisson process havin

e servers. Upon completion of semce%
ver and enters service at whichever O

there are always two busy server;.i
tial with rate Wi = 1,2,3, wha

e. There ar¢ two

1 with rate 1. T9Pe 2
tial with 1€ 1 e 2 customer

g rate A2. A P
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simultaneous use of both servers; hence, a type 2 arrival will only enge i
system if both servers are free. The. time that it takes (the two servers) tg serd
a type 2 customer is exponential with rate j12. Once a service is completeq .{,_
a customer, that customer departs the system.

(a) Define states to analyze the preceding model.

(b) Give the balance equations. _
In terms of the solution of the balance equations, find

(c) the average amount of time an entering customer spends in the system; '
(d) the fraction of served customers that are type 1. .
19. Consider a sequential-service system consisting of two servers, A and B, A,
riving customers will enter this system only if server A is free. If 5 Customeg
does enter, then he is immediately served by server A. When his Service hy
A is completed, he then goes to B if B is free, or if B is busy, he leaves the
system. Upon completion of service at server B, the customer departs, Assumg!
that the (Poisson) arrival rate is two customers an hour, and that A and B serye
at respective (exponential) rates of four and two customers an hour,
(a) What proportion of customers enter the system?

(b) What proportion of entering customers receive service from B?

(c) What is the average number of customers in the system?
(d) What is the average amount of time that an entering customer spends in’
the system? '.

20. Customers arrive at a two-server system according to a Poisson process hay-

ing rate A = 5. An arrival finding server 1 free will begin service with that |
server. An arrival finding server 1 busy and server 2 free will enter service with |
server 2. An arrival finding both servers busy goes away. Once a customer is |
served by either server, he departs the system. The service times at server i are
exponential with rates u;, where | = 4, Uy =2. '
(a) What is the average time an entering customer spends in the system?
(b) What proportion of time is server 2 busy?

21. Customers arrive at a two-server station in accordance with a Poisson process
with a rate of two per hour. Arrivals finding server 1 free begin service with
that server. Arrivals finding server 1 busy and server 2 free begin service with
server 2. Arrivals finding both servers busy are lost. When a customer is served
by server 1, she then either enters service with server 2 if 2 is free or departs
the system if 2 is busy. A customer completing service at server 2 departs the
system. The service times at server | and server 2 are exponential random
variables with respective rates of four and six per hour.

(a) What fraction of customers do not enter the system? .
(b) What is the average amount of time that an entering customer spends 1
the system?
(¢) What fraction of entering customers receives service from server 17
22. Arrivals to a three-server System are according to a Poisson process with rat¢
A. Arrivals finding server 1 free enter service with 1. Arrivals finding ! b.“s,y
but 2 free enter service with 2. Arrivals finding both 1 and 2 busy do not joi?
the system. After completion of service at either 1 or 2 the customer will the?
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; oserver 3if 3
cither £0) ers depart th S free or depart the system, if 3
T |2 3p © System. The seryice times 5¢ 18 busy, Afge, Service
jy 7= e ! are :
rate His l €Xponen ‘
@ Define states to analyze the aboye System tal with
) Give the balance equations. ;

() In terms of ﬂ.le solution of the balance €quationg )

that an enterng customer spends in the St What is the average time

@ Find the probability that a cyst
empty is served by server 3,
23, The economy alternates t.yet“.reen good and
customers arrive at a certain single-
Poisson process with rate A;, and duri ;
gance with a Poisson process with rat:ril:;.g :agogfi;?ey e.m-ive in accor-
exponentially distributed time with rate v, and a bad g e+, 2 O an
exponential time with rate ap. An arriving customer will On]pe;](:d ]:hSts e
ing system if the server is free; an arrival finding the servery bug,er € queue-
All service times are exponential with rate . RIS Ay
(a) Define states so as to be able to analyze this system.
(b) Give a set of linear equations whose solution will
portion of time the system is in each state.
In terms of the solutions of the equations in part (b),
(c) what proportion of time is the system empty?
(d) what is the average rate at which customers enter the system?

24. There are two types of customers. Type 1 and 2 customers arrive in accordance
with independent Poisson processes with respective rate A; and A;. There are
two servers. A type 1 arrival will enter service with server 1 if that server is
free; if server 1 is busy and server 2 is free, then the type 1 arrival will enter
service with server 2. If both servers are busy, then the type 1 arrival will go
away. A type 2 customer can only be served by server 2; if server 2 is free when
atype 2 customer arrives, then the customer enters service with that server. If
server 2 is busy when a type 2 arrives, then that customer goes away. Once
a customer is served by either server, he departs the system. Service times at
server i are exponential with rate u;,i =1, 2. ,

Suppose we want to find the average number of customers in the system.
(@) Define states.
(b) Give the balance equations. Do not attempt to solve them.
In terms of the long-run probabilities, what 18 )
(¢) the average number of customers in 'the system!? ,
*25 (@) the average time a customer spends in th; Sysrtg;-rtion of time there is
* Suppose in Exercise 24 we want to find out the P 1 probabilities given in
g Pe 1 customer with server 2. In terms of the long-Tun P
Xercise i . s ?
(@) the r%:t;:‘::l ?Vtﬁfch a type 1 customer enters service mttE serve; g?
service with serve
(b) the rate at which a type 2 customer enters 1
(€) the fraction of server 2’s Customers that are ty

omer w i
ho arriveg When the System ig

SCIVer queueing system j

yield the long-run pro-

M
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(d) the proportion of time that a type 1 cu§tomer is with server 27

26. Customers arrive at a single-server station in accorc.lance \.wth a Poisgop
cess with rate A. All arrivals that find the server f-ree immediately entey SeIVien
All service times are exponentially distributed with rate y, An arriva] st ﬁnd'
the server busy will leave the system al:ld roam around “in orbit” for an expos E
nential time with rate 6 at which time it will then return. If the seryey is bug
when an orbiting customer returns, then that CUSLOMET Teturns (o orbit fo, -
other exponential time with rate 6 befoTe returning again. An arrival thy fing
the server busy and N other customers 11 orbit w11} depart and not retyy Th
is, N is the maximum number of customers in orbit.
(a) Define states.

(b) Give the balance equations. -
In terms of the solution of the balance equations, find

(c) the proportion of all customers that are eventually served;
(d) the average time that a served customer spends waiting in orbit, d
27. Consider the M /M1 system in which customers arrive at rate A and the servey '
serves at rate . However, suppose that in any interval of length £ in which the
server is busy there is a probability ah + o(h) that the server will experience
a breakdown, which causes the system to shut down. All customers that are
in the system depart, and no additional arrivals are allowed to enter until the
breakdown is fixed. The time to fix a breakdown is exponentially distributed
with rate .
(a) Define appropriate states.
(b) Give the balance equations.
In terms of the long-run probabilities,
(c) what is the average amount of time that an entering customer spends in
the system?
(d) what proportion of entering customers complete their service?
(e) what proportion of customers arrive during a breakdown?
*28. Reconsider Exercise 27, but this time suppose that a customer that is in the
system when a breakdown occurs remains there while the server is being fixed.
In addition, suppose that new arrivals during a breakdown period are allowed
to enter the system. What is the average time a customer spends in the system?
29. Poisson (1) arrivals join a queue in front of two parallel servers A and B
having exponential service rates 144 and p 5 (see Fig. 8.4). When the system 1S
empty, arrivals go into server A with probability « and into B with probability
1 — . Otherwise, the head of the queue takes the first free server.
(a) Define states and set up the balance equations. Do not solve. .
(b) In terms of the probabilities in part (a), what is the average number if the
system? Average number of servers idle?

Figure 8.4
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(c) In terms of 'the probabilities in part (a) )
arbitrary arrival will get serviced in A9 What s

In a queue with unlimited waiting Space, arrivals :
service times are exponentially distributed (parg I‘;’lret Poisson
waits until K people are present before beginnin eter 1) H
(hereafter, he services one at a time until al] g unigtservlce on
are serviced. The server is then “idle” unti] K Hew’ ant.:l alls
(a) Define an appropriate state space, draw the tra*:l”_l‘fals

the balance equations. Sibon

(b) Interms of the limiting probabilities, what is the

spends in queue?

(c) What conditions on A and s are necessary?
(;ons1der a single-server exp.()nentlal system in which ordinary customers ar-
rive at a rate A and have service rate . In addition, there is a special cu

: . ’ stomer
who has a service rate ©1. Whenever this special customer arrives, she goes
directly into service (if anyone else is in service, then this person i,s bumped
back into queue). When the special customer is not being serviced, she spends
an exponential amount of time (with mean 1/8) out of the system.

(a) What is the average arrival rate of the special customer?

(b) Define an appropriate state space and set up balance equations.

(¢) Find the probability that an ordinary customer is bumped n times.

Let D denote the time between successive departures in a stationary M/M/1
queue with A < w. Show, by conditioning on whether or not a departure has
left the system empty, that D is exponential with rate A.

the probability that an

(Pafameter ) and
Owever, the server
the first Customer;

ubsequent arrivals,
have occyrreqd.

diagram, and set up

average time a customer

Hint: By conditioning on whether or not the departure has left the system
empty we see that

with probability A/p

Exponential (i),
- { ; with probability 1 — A/

Exponential (A) * Exponential (i),

al(u) represents the sum of two indepen-
having rates u and A. qu use moment-
the required distribution.

that the departure process
t the interdeparture times ar
dependent.

where Exponential(A) * Exponenti
dent exponential random variables
generating functions to show that D has
Note that the preceding does not prove
To prove this we need show not only tha .
nential with rate A, but also that they are INCEP=E 7 ° g

Potential customers arrive to a single-serve” nail Sg 0316 cerver free enters the
Process with rate A. A potential customer who finds Each po-

oes away.
system; a potential customer Who finds the .Sef:;;rzu;};i ptp=l Type
tential customer is type i with probablllltl);3 gééver' type 2 customers have thelr

I customers have their hair washed bytt he e Have ther hair first washegni:;d

hair cut by the server; and type 3 CUS™ h hair is eXPOTF"
’ : r to Was g

then cut b§ the server. The time that 1t t' . ::I;i es the gerver 0 cut hair 18

tially distributed with rate u1, and the time tha

exponentially distributed with rate p2-

is Poisson.
e all expo-

ing to a Poisson
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35.

37

38.

39.

Explain how this system can be analyzed with four states.
Give the equations whose solution yields the proportion of tim, the sy

(a)
(b)

tem is in each state. .
In terms of the solution of the equations of (b), find

(c) the proportion of time the server is cutting hair;
(d) the average arrival rate of entering customers.
For the tandem queue model verify that

Py =A/p1)" (1= A/ )M/ 12)" (1 = A/ o)

satisfies the balance Eqgs. (8.15). . .
Consider a network of three stations with a single server at each statjop, Cus.

tomers arrive at stations 1, 2,3 in accordance with Poisson processes having
respective rates 5, 10, and 15. The service times at the three stations are eXpo-
nential with respective rates 10, 50, and 100. A customer completing service g
station 1 is equally likely to (i) go to station 2, (ii) go to station 3, or (iii) leave
the system. A customer departing service at station 2 always goes to station 3,
A departure from service at station 3 is equally likely to either go to statiop 2

or leave the system.
(a) What is the average number of customers in the system (consisting of a]f

three stations)?
(b) What is the average time a customer spends in the system?
Consider a closed queueing network consisting of two customers moving
among two servers, and suppose that after each service completion the cus-
tomer is equally likely to go to either server—that is, Piy=P, :%. Let u;
denote the exponential service rate at server L =1, 2,
(a) Determine the average number of customers at each server.
(b) Determine the service completion rate for each server.
Explain how a Markov chain Monte Carlo simulation using the Gibbs sampler
can be utilized to estimate
(a) the distribution of the amount of time spent at server j on a visit.

Hint: Use the arrival theorem.
(b) the proportion of time a customer is with server j (i.e., either in server
J’s queue or in service with 1k
For open queueing networks
(a) state and prove the equivalent of the arrival theorem;
(b) derive an expression for the average amount of time a customer spends
waiting in queues.
Customers arrive at a single-server station in accordance with a Poisson pro-
cess having rate A. Each customer has a value. The successive values of CUS-
tomers are independent and come from a uniform distribution on (0, 1)- The
service time of a customer having value x is a random variable with mean
3 + 4x and variance 5.
(a) What is the average time a customer spends in the system? .
(b) Whatis the average time a customer having value x spends in the system:
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£40. " of last-come, first-served (for instan

se
busy-peri iting time, ang
jiscipline was always to choose at random aIn()ngn:;:;nS? What if the queye
hich discipline would result in the smallest yar S€ Waiting? Intuitiye]
w ) 9 Vanance n the Wai . : y:
{ribution’’ ting time ds.
q [n an M/G/1 qUEl:le,
’ (a) what proportion of departures leave behing 0 work?
is the average work in the s !
(b) whatis ystem as seen by 3 de
4, Forthe M/G/1 queue, let X, denote the number i the sysfeﬁ?be i
the nth departure. hind by
@ If
_ Xﬂ_1+Yn, ]an_>_l
ntl = [Ym if X, =0
what does Y, represent?
(b) Rewrite the preceding as
Xnp1=Xn—1+Yn+3, (8.64)
where
5 — 1, ifX,=0
e, Xy Ed

Take expectations and let n — 00 in Eq. (8.64) to obtain

E[5s] = 1 — AE[S]

i t
(¢) Square both sides of Eq. (8.64), take expectations, and then letn — 00 10

obtain :

A2E[S%]

- +1EL[S]

ElXoo] 2(1 — AE[S)) sl

departure, 18

(d) Argue that E[X ), the average number as scen by a dep
to L " busy penod has

Consider an M /G/1 system in which the first Ct.lsto.rgl:tri(iﬁ Gy, Let C denote

the service distribution Gy and all others have dlfgtr:ienote he service time of

number of customers in a busy period: and let
acustomer chosen at random.
Argue that

(a) Q= Py=1- LE[S]. 5] where S; has dis

®) E(s) =agE[S1]+ (1 —a0)El |

'.. . *43.

gribution Gi-
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(c) Use (a) and (b) to show that E[B], the expected length of 4 busy Periog
is given by
E[S1]

ElBl=1— AE[S>]

(d) Find E[C].

44. Consider a M/G/1 system with AE[S] < 1.

45.

46.

47.

48.

(a) Suppose that service is about to begin at a moment when there are 5 |
customers in the system.
(i) Argue that the additional time until there are only n — 1 Customerg |
in the system has the same distribution as a busy period.

(if) What is the expected additional time until the system is empty? ..
(b) Suppose that the work in the system at some moment is A We are ip. |
terested in the expected additional time until the system is empty—ca]]
it E[T]. Let N denote the number of arrivals during the first A units of §
time. 1
(i) Compute E[T|N].

(ii) Compute E[T].
Carloads of customers arrive at a single-server station in accordance with 3 |
Poisson process with rate 4 per hour. The service times are exponentially
distributed with rate 20 per hour. If each carload contains either 1,2, or3 cus- |
tomers with respective probabilities %, %, and é, compute the average customer
delay in queue. A
In the two-class priority queueing model of Section 8.6.2, what is Wy? Show §
that W is less than it would be under FIFO if E [S1] < E[S>] and greater than 4
under FIFO if E[S]] > E[S5]. }

In a two-class priority queueing model suppose that a cost of C; per unit time is
incurred for each type i customer that waits in queue, i = 1, 2. Show that type 1

customers should be given priority over type 2 (as opposed to the reverse) if

E[S51] - E[S>]
3| G

Consider the priority queueing model of Section 8.6.2 but now suppose thatifa
type 2 customer is being served when a type 1 arrives then the type 2 customer
is bumped out of service. This is called the preemptive case. Suppose that whfin
a bumped type 2 customer goes back in service his service begins at the point
where it left off when he was bumped.
(a) Argue that the work in the system at any time is the same as in the non-
preemptive case.
(b) Derive W),

Hint: How do type 2 customers affect type 1s?
(¢) Why is it not true that

V5 =ME[S]1W}
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) Argue that the work seen by a type 2 arrival is g
emptive case, and so © Same as in the nonp,
re-

5 .
Wé = Wg(nonpreemptive) + g [extra time)

where the extra time is due to the fact that

Let N denote the number of times a type he may be bumped.

e 2 |
. Customer js bumped. Why is
NE[S]

E[extra time|N] = ————17
1 - ME[S))

Hint: When a type 2 is bumped, relate the time
service to a “busy period.”

() Let Sy denote the service time of a type 2. What is £
(gy Combine the preceding to obtain NIS2I?

until he gets back in

M E[S1]E[S,]
1 - A1 E[81]

Wé = Wé (nonpreemptive) +

. Calculate explicitly (not in terms of limiting probabilities) the average time a

customer spends in the system in Exercise 28.

, Inthe G/M/1 model if G is exponential with rate A show that 8 = /p.
. In the k server Erlang loss model, suppose that A =1 and E[S] = 4. Find L if

B=.2
Verify the formula given for the P; of the M/M/k.

. In the Erlang loss system suppose the Poisson arrival rate is A = 2, and sup-

pose there are three servers, each of whom has a service distribution that is
uniformly distributed over (0, 2). What proportion of potential customers is
lost?

. Inthe M/M/k system,

(a) what is the probability that a customer will have to wait in queue?

(b) determine L and W. |
Verify the formula for the distribution of Wp, given for the G/M/k 1.noc.ie .
have an arbitrary distribution

Consider a s : ival times
ystem where the interarriv - JIAve 81l 2 e
F, and there is a single server whose service distribution is G- Let Dy, den

. . , T
the amount of time the nth customer spends waiting 1f queue. Interpret Sns In
50 that

. i 0
D,+8,—T,, ifDp+Sn—TnZ

, itrary distribution
gonﬂidﬁf a model in which the interarrival imes lé?:;ﬁ;;;l:u(‘?afy%at condi-
"> and there are k servers each having ser"“;zary for there to exist limiting

on on F and G do you think would be nece
Probabilities?




